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SUMMARY 
Research during this period has concentrated on the problem of 
aeroassisted orbital plane change. This maneuver requires the use of three 
impu'lses - one to deorbit, one to reorbit and one to recircularize at the new 
o r b i t .  The orbit plane change i s  effected entirely i n  the atmosphere through 
the use of lift and bank angle control. For circular orbits of nearly equal 
radii, it can be shown that the fuel consumption is minimized by minimizing 
the energy loss in the atmospheric portion o f  the trajectory. The research 
explores the use of singular perturbation theory to develop an optimal 
guidance law for the atmospheric portion. 
The results to date indicate that singular perturbation methods can be 
applied; however, a difficult terminal boundary analysis is required. The 
reduced solution models only the heading rate dynamics, and produces a 
real istic profile (a1 titude versus energy) and control to be flown. A large 
termi nal boundary 1 ayer i s requi red to match the terminal constrai nt on 
altitude. Most of our effort has been directed at approximate methods for 
solving the terminal boundary layer equations. The equations result from an 
analysis of altitude and flight path angle dynamics on the same time scale. 
A nonlinear control law was derived which produces near optimal results. 
However, the current solution is difficult to implement because it requires 
two switches in the control solution that are heading and altitude dependent. 
In general, the solution is very sensitive to switching times. We propose 
two alternatives to be investigated during the next reporting period. The 
first relies on a linearization o f  the necessary conditions about the reduced 
solution and the second will examine the analysis of altitude and flight path 
angle dynamics on separate boundary layers. 
i i  
1. PROBLEM FORMULATION 
The f o l l o w i n g  th ree  s t a t e  model has been the  sub jec t  o f  our c u r r e n t  
research 
~/i = Vsiny 
* 
E; = CLpSV(Xcosp + Mcosy)/2m 
where 
* 2 
M(h,V) = (2m/CLS)[1-;/V r ] / p r  ( 4 )  
r = r  + h  ( 5 )  S 
and i s  t he  g r a v i t a t i o n a l  constant.  The o b j e c t i v e  i s  t o  min imize t h e  energy 
1 oss 
J = - 1:' k d t  
where E i s  t he  t o t a l  energy per u n i t  mass 
E = v2 /2  - ;/r < o 
The express ion f o r  t he  energy r a t e  i n  ( 6 )  i s  
( 7 )  
1 
where a p a r a b o l i c  drag p o l a r  form i s  used t o  d e f i n e  the  drag c o e f f i c i e n t  
I n  t h e  above equat ions the  supersc r ip t  * denotes the  l i f t  and drag 
c o e f f i c i e n t  values a t  maximum L/D 
The c o n t r o l s  a re  bank angle (11) and t h e  normal ized l i f t  c o e f f i c i e n t  
* 
A = CL/CL 
Note t h a t  i n  t h i s  f o r m u l a t i o n  we t r e a t  E as constant,  b u t  account f o r  t h e  
energy l o s s  through the  performance index. 
I n  [l] t h e  sens ib le  atmosphere i s  assumed t o  occur a t  ho = 200,000 ft. 
The s t a r t i n g  v e l o c i t y  and f l i g h t  path angle (Vo,yo) a re  de r i ved  us ing  a 
d e o r b i t  impulse A V ~  f rom c i r c u l a r  o r b i t  a t  hc = 100 nm, which i s  opt imized 
f o r  t h e  atmospheric maneuver o f  i n t e r e s t .  The i n i t i a l  heading angle i s  taken 
as zero.  I n  the  SPT fo rmu la t i on ,  a l t i t u d e  appears as a c o n t r o l  v a r i a b l e  i n  
the  reduced problem. The opt imal s o l u t i o n  has t h e  form 
* 
h = h(E) (12) 
F o r  comparison purposes, i n  t h i s  study t h e  s t a r t i n g  energy i s  chosen t o  match 
t h a t  o f  [l], and ho, V, are  der ived from ( 7 )  and (12). From conservat ion o f  
energy t h i s  r e s u l t s  i n  t h e  same d e o r b i t  impulse, b u t  s l i g h t l y  d i f f e r e n t  
values f o r  ho, Vo. 
conservat ion o f  angular momentum. 
The i n i t i a l  f l i g h t  path angle i s  de r i ved  from 
2 
I 
where rs is the mean earth radius and Vc = [;/(r,+h)] l/2 . The vehicle 
begins the maneuver with a mass mc and, as a result of the deorbit impulse, 
the mass for the atmospheric portion is given by 
m = m C exp ( - A V ~/C) (14) 
where C is the characteristic velocity. The terminal conditions are: 
h(tf) 200,000 ft, $(tf) = Jlf > 0 (15 )  
Since the condition on h(tf) is lost in the reduced solution (E), a terminal 
boundary layer correction is required. 
2. SINGULAR PERTURBATION ANALYSIS 
2.1 Reduced Problem 
Setting E = 0 in (1-3) the necessary conditions for optimality become 
y = o  Acosp = -M 
It can be shown that this results i n  the following reduced solution: 
A. = (1 + 2Mo) v 2  
l/2 
2 
sinp 0 = [(l + Mo)/(l + 2Mo)] 
3 
where Mo is the value of M for h = ho. 
(20) is resolved based on the following inequalities: 
The quadrant for the bank angle in 
0 < po <  IT/^ for M < 0 (22 )  
 IT/^ < po < IT for M > 0 ( 2 3 )  
It can be seen from the above solution that M plays a crucial role in the 
solution process. In [l], M was treated as a constant in the dynamics. 
Since most of the energy is kinetic, V is weakly dependent on h for 
constant E. This can readily be seen from (7) and (5) where changes in h 
give rise to small changes in r. Thus, the minimization in (21) results in a 
value for M very close to zero. The interpretation is that the maneuver 
should be performed at an altitude where gravitational and centripetal forces 
nearly cancel one another. For M small, it can be seen from (19,ZO) that the 
maneuver is performed at near maximum L/D and at near 90 of bank angle. 
These results are in good agreement with the results in [l]. Figure 1 
compares the altitude profiles derived from (21) with the true optimal 
profile taken from [l]. The need for a terminal boundary layer analysis is 
evident in this figure. However, if the vehicle was not required to exit the 
atmosphere, the reduced solution may be sufficiently accurate. 
2.2 Boundary Layer Problem 
A boundary layer analysis is required to obtain a guidance law that will 
both follow the altitude profile defined by (21) (initial boundary layer) and 
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- : Optimal Alt i tude Prof i le  
: Reduced Solution 
4-1 Time 
-46.5 -45.0 -43.5 -42.0 -40.5 -39.0 -37.5 -36.0 -34.5 -33.0 
Energy x 107 (ft-lb/slug) 
Figure 1 .  Comparison of  the reduced solution w i t h  the true 
optimal profile. 
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s a t i s f y  the  te rmina l  c o n s t r a i n t  on a l t i t u d e  ( te rm ina l  boundary l a y e r ) .  The 
necessary cond i t i ons  i n  the  boundary l a y e r  are:  
H~~ = A' 4 + hh Vsiny + A - ,E = o 
J, Y 
aHBL/aL1 = 0, 3HBL/3L2 = 0 
where A o  i s  determined i n  t h e  reduced s o l u t i o n  f rom (16) 
J, 
A0 = p/p 
J, 
us ing  the  s o l u t i o n s  f o r  A , po and ho. I n  (25), L and L 
h o r i z o n t a l  and v e r t i c a l  components o f  l i f t  c o e f f i c i e n t  
L1 = Asinp Lp = Acosp 
which are  now used as c o n t r o l  var iab les  i n  p lace  o f  A and p. 
represent  t h e  
( 2 7 )  
The f i r s t  c o n d i t i o n  i n  ( 2 5 )  r e s u l t s  i n  
l/ L1 = (Vo/V) (1 + Mo) 2 / ~ ~ ~ y  
* 2 
where Mo, V o  are the  values o f  M and V corresponding t o  h = ho f o r  t h e  
c u r r e n t  va lue o f  E. 
s o l u t i o n  as h approaches ho. 
Th is  s o l u t i o n  approaches t h e  corresponLing reduceG 
The second c o n d i t i o n  i n  (25) y i e l d s  
which can a l so  be shown t o  approach the  reduced s o l u t i o n  as h approaches ho, 
6 
where 
* 2  * 
A; = CD Vo Mo/CL 
Unfor tunate ly ,  eva lua t i on  of X needed i n  (29) requ i res  the  s o l u t i o n  o f  a 
two-po in t  boundary va lue problem. When c lose  t o  t he  reduced s o l u t i o n  i t  may 
be poss ib le  t o  use (30) ,  which r e s u l t s  i n  the  fo l l ow ing  expression f o r  f l i g h t  
path angle r a t e  
Y 
* 2 2 
y = CLpSV(Mcosy - VoMo/V )/2m 
For y near zero and h near ho, (31) s i m p l i f i e s  t o  
* 
y = CLPSVo(M-Mo) 
To ob ta in  a feedback s o l u t i o n  f o r  t h e  
second term i n  (24 ) .  Th i s  was done on t h e  
general case we neglected t h e  
bas i s  t h a t  A:= 0 and y i s  smal l  
over t h e  e n t i r e  opt imal  t r a j e c t o r y .  
s o l u t i o n  f o r  L2 
Th is  r e s u l t s  i n  t h e  f o l l o w i n g  e x p l i c i t  
* 2 2  2 1 
L2 = - Mcosy 2 (M cos y - L1 + 1) /2  (33) 
The f i r s t  term on t h e  r i g h t  hand side o f  (33) i s  s imp ly  t h e  l i f t  requ i red  t o  
ma in ta in  zero f l i g h t  pa th  angle ra te .  The second term i s  always > 0 and 
asympto t i ca l l y  approaches zero as h --* ho and y +  0. Thus t h i s  s o l u t i o n  a l so  
asymptot i  ca l  l y  approaches t h e  reduced so l  u t i  on. Both so l  u t i o n s  i n  (33)  
s a t i s f y  the  cond i t i ons  t h a t  HBL i s  minimized and HBL = 0. Dur ing t h e  i n i t i a l  
boundary l aye r  the  + s i g n  i s  used when h < ho t o  generate a p o s i t i v e  f l i g h t  
path angle ra te ,  and the  minus s ign  used when h > ho. The corresponding 
7 
value o f  t h e  cos ta te  v a r i a b l e  i s  
* 
Y 
A = (A; li, - t*)/;* (34)  
which approaches an indeterminate  f o r m  (O/O) as h ho and y 0. The + s ign  
i s  used t o  i n i t i a t e  t h e  te rmina l  boundary l a y e r .  
A t  t h i s  t ime repeated t r i a l  runs a re  requ i red  t o  determine the  sw i t ch ing  
t ime so t h a t  t he  des i red  f i n a l  heading i s  achieved when the  a l t i t u d e  reaches 
200,000 ft. Also, a c h a r a c t e r i s t i c  o f  these p r o f i l e s  i s  t h a t  L1 remains 
c lose  t o  1.0 throughout,  w h i l e  M grows t o  a l a r g e  negat ive  number near t h e  
end (on t h e  order  o f  -2.0). This i s  due t o  t h e  presence o f  p i n  t h e  
denominator o f  
swi tched again 
becomes smal l .  
i n  [l]. 
From (29) 
( 4 ) .  Thus there  i s  every i n d i c a t i o n  t h a t  t h e  s ign  should be 
i n  (33)  p r i o r  t o  the end o f  t h e  t r a j e c t o r y  so t h a t  L2 again 
Th is  i s  a l s o  a general c h a r a c t e r i s t i c  o f  t he  opt imal  p r o f i l e s  
i t  i s  apparent t h a t  L2 should be a cont inuous f u n c t i o n  o f  
t ime.  There i s  a d i s c o n t i n u i t y  t h a t  occurs a t  t h e  swi tch  t o  the  te rmina l  
boundary l a y e r  which i s  a consequence o f  t he  s i n g u l a r  p e r t u r b a t i o n  
approx imat ion.  A second d i s c o n t i n u i t y  occurs a t  t h e  second swi tch  which i s  a 
consequence o f  neg lec t i ng  t h e  second term i n  (24) .  However, i t  was observed 
t h a t  t h e  second term i n  (33) passes through a minimum dur ing  t h e  ascent 
phase, and t h e  second sw i t ch  was executed a t  t h a t  t ime t o  minimize t h e  
d i s c o n t i n u i t y .  It i s  f e l t  t h a t  t h i s  should more c l o s e l y  approximate the  t r u e  
s o l u t i o n  i f  we were ab le  t o  r e t a i n  t h e  second term i n  (24) i n  the  ana lys i s ,  
and s t i l l  preserve an e x p l i c i t  s o l u t i o n  f o r  L2. 
A comparison o f  t he  r e s u l t i n g  f l i g h t  pa th  w i t h  t h a t  i n  [l] f o r  a 40 
p lane change i s  i l l u s t r a t e d  i n  Figure 2. Table 1 compares the  impulses 
r e q u i r e d  f o r  t h e  maneuver. Note t h a t  t h e  s i n g u l a r  p e r t u r b a t i o n  so l  u t i o n  
8 
( ~ o ~ F T )  
240.0: $ - : True Optimal Prof i le  
: S.P Guided Prof i le  and Reduced Solution 
4-1 Time 
-48.0 -46.5 -45.0 -43.5 -42.0 -40.5 -39.0 -37.5 -36.0 -34.5 
Energy x lo7 (FT-LB/SLUG) 
Figure 2. Comparison of the guided S.P. solution w i t h  the reduced 
solution and the true optimal profi le.  
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TABLE 1 
COMPARISON OF TOTAL IMPULSE AND FUEL FRACTION 
REQUIRED FOR A 40' PLANE CHANGE MANEUVER 
............................................................................................................................................................ 
............................................................................................................................................................ 
GU I DANCE DEORBIT BOOST REORBIT TOTAL FUEL 
LAWS IMPULSE IMPULSE IMPULSE IMPULSE FRACTION 
(ft/s) (ft/s) (ft/s) (ft/s) 
............................................................................................................................................................ 
OPTIMAL 125. 6470. 177. 6772. .49 
S.P. SOLUTION 126. 6642. 2 1 4. 6982. .50 
GUIDED SOLUTION 374. 765 1. 122. 8 1 47. .56 
SINGLE IMPULSE * * * 17497. .83 
............................................................................................................................................................ 
............................................................................................................................................................ 
10 
results in a fuel fraction close to the true optimal solution, and i s  
considerably better than the guided solution in [l]. A comparison to the 
fuel fraction needed for a purely impulsive maneuver is also given which 
clearly demonstrates the advantage of aero-assisted orbital transfer. 
3. FUTURE WORK 
Dur ing the next  r e p o r t i n g  per iod we p lan  t o  i n v e s t i g a t e  two a l t e r n a t i v e s  
t o  c o n s t r u c t i n g  a boundary l aye r  s o l u t i o n .  The f i r s t  i s  based on a 
l i n e a r i z a t i o n  o f  t he  necessary cond i t i ons  i n  t h e  boundary l a y e r  t o  o b t a i n  a 
l i n e a r  feedback s o l u t i o n  w i t h o u t  neg lec t i ng  t h e  second t e r m  i n  (24)  This  
method has been p r e v i o u s l y  used i n  [2]. The second approach analyzes the  
a l t i t u d e  and f l i g h t  path angle dynamics i n  separate l a y e r s  [3]. This  
approach a l s o  w i l l  y i e l d  a feedback s o l u t i o n  f o r m ,  b u t  one which i s  
non l i nea r .  
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